The Cohn-Kumar conjecture states that the triangular lattice in dimension 2, the E8 lattice in dimension 8, and the Leech lattice in dimension 24 are universally minimizing in the sense that they minimize the total pair interaction energy of infinite point configurations for all completely monotone functions of the squared distance. This conjecture was recently proved by Cohn-Kumar-Miller-Radchenko-Viazovska in dimensions 8 and 24. We explain in this note how the conjecture implies the minimality of the same lattices for the Coulomb and Riesz renormalized energies as well as jellium and periodic jellium energies, hence settling the question of their minimization in dimensions 8 and 24.
Introduction
1.1. The Cohn-Kumar conjecture and the main question. Define a point configuration C to be a nonempty, discrete, closed subset of Euclidean space R d . For p : R + → R any function, let the (lower) p-energy of C be
where B R is the ball of center 0 and radius R in R d . We say that p is a completely monotone function of the squared distance when p(r) = g(r 2 ) with g a smooth completely monotone function on R + i.e. satisfying (−1) k g (k) (r) ≥ 0 for all r ≥ 0 for every integer k ≥ 0. This includes for instance Gaussians.
Let Λ 0 denote the triangular lattice A 2 in dimension 2, the E 8 lattice in dimension 8 and the Leech lattice in dimension 24, dilated so that their fundamental cell has volume 1. We do not give here the precise definitions of the E 8 and Leech lattices, but suffice to say that these are Bravais lattices which means that they have the form d i=1 u i Z for some vectors u i ∈ R d , and that the triangular lattice in dimension 2 is the one spanned by two vectors of same norm forming an angle π/3. Theorem 1 ). The Cohn-Kumar conjecture is true in dimensions d = 8 and 24.
This breakthrough result was itself made possible by the seminal works of Viazovska [Via] and the same authors [CKMRV1] on the solution of the sphere packing problem in the same dimensions (see also the expository papers [Coh, dLV] ). As one of very few proofs of crystallization in dimensions larger than one, it represents major progress on the topic. Indeed, results stating that optimal configurations for an interaction energy are periodic, much less lattices, are extremely rare (for more on this, see the review [BLe] ): besides the solutions to sphere packing problems in dimensions 2 and 3, another famous result is that of [Ra, Th] for a particular short range interaction in dimension 2, perturbing off of the sphere packing problem. Note that, without the complete monotonicity assumption, the triangular lattice cannot be expected to always be the minimizer for such problems ; for instance [BPL] recently gave an example of a nonmonotone interaction function for which the minimizer can be proven to be square lattice instead of the triangular one.
The goal of this note is to explore consequences of this result (or, in the case of dimension 2, of the Cohn-Kumar conjecture) for particular nonsmooth interactions, more specifically Coulomb and Riesz interactions, which are of particular importance in physics and in approximation theory.
We now restrict to interactions of the form p(r) = r −s , or p(r) = − log r in dimension 2. If s > d then the p-energy (1.1) is typically (for good configurations) well summable, and writing r −s as a superposition of Gaussians
it follows immediately that the Cohn-Kumar conjecture for smooth functions (or just Gaussians) implies the Cohn-Kumar conjecture for p(r) = r −s , i.e. the optimality of Λ 0 for E p . In contrast, when p(r) = r −s with s < d, the energy E p is always infinite because of the divergence of the series of pair interactions. This difficulty is due to the long-range nature of the interaction, and includes the very important case of Coulomb interactions, corresponding to s = d − 2 in dimension d ≥ 3 and − log r in dimension 2 1 . It is in fact not straightforward to give a good definition of total Coulomb or Riesz interaction for general infinite point configurations, we next explore this question.
Coulomb and Riesz interactions: definitions and motivations. Let
A definition of total g-energy was proposed first in [SS1] for the d = 2 logarithmic case, then in [RoSe] for the Coulomb case in any dimension d ≥ 2, and then in [PS] for the Riesz interactions with max(d − 2, 0) ≤ s < d in any dimension. It consists in defining the interaction for the infinite configuration of points (say of density 1) screened or neutralized by a uniform background of charge −1, via the Coulomb or Riesz potential generated by x∈C δ x − 1. Because of the divergence of the Coulomb (or Riesz) potential at each point, the energy needed to be defined in a "renormalized way", hence it was called "renormalized energy", also by analogy with the work of [BBH] . The precise definition of this energy W is recalled in Appendix A. In physics, such a neutralized system is called a jellium and was first introduced by Wigner [Wi] (who was really focusing on the quantum case) who conjectured that the minimum should be achieved by a crystal, now called a "Wigner crystal", in dimensions 1, 2 and 3. More precisely, the jellium minimization problem is usually stated as the question of minimizing (1.4)
where we have chosen for instance the fundamental cell to be a cube, but any nondegenerate shape can be used. The existence of the limit in this definition was first proven in [LN] . In contrast with the function W of [SS1, RoSe, PS], (1.4) defines a minimization problem but not an energy for arbitrary infinite configurations of points.
Also in contrast with (1.4), in the reformulation of [SS1, RoSe, PS] it is crucial that the Coulomb kernel is the fundamental solution of the Laplacian. Similarly, the Riesz kernel for max(d − 2, 0) ≤ s < d is the fundamental solution to the fractional Laplacian (−∆) α with α = d−s 2 , which can be turned into a local operator by the extension procedure of [CS] . This is the reason for the limitation to s ≥ d − 2 in those works (in contrast, s ≤ d − 2 does not correspond to a (−∆) α but to a higher order operator).
Another possible approach is to restrict to periodic configurations -in the Coulomb case, this is also called the periodic jellium. The fact that g defined in (1.3) is the fundamental solution for the Laplacian or for a fractional Laplacian then makes it possible to use for the definition the Green's function of a torus or the equivalent notion for the fractional Laplacian. More precisely, let Λ be a lattice in R d of covolume 1 and n an integer, N = n d , and let G nΛ solve
Here the fractional Laplacian can for instance be defined as corresponding to the Fourier multiplier |ξ| 2α . The Fourier series expansion of G nΛ is then
For a configuration of N points a i in R d /(nΛ) we may now define the periodic Riesz interaction energy
where for any lattice Λ, M Λ is the so-called Madelung constant of the lattice, defined by
and c d,s is the constant defined by (−∆) α g = c d,s δ 0 .
One can easily check that for nΛ-periodic configurations of the form ∪ N i=1 {a i + nΛ}, W coincides with W nΛ . Another route for defining the energy of non-periodic infinite configurations is then to try to extend the formula (1.8), such an approach was initiated in [BS] for point processes, and the comparison of the various definitions was explored in more details in [Le] .
In [SS1] it was shown that W can be derived as the limiting interaction energy for vortices in the 2D Ginzburg-Landau model of superconductivity. The same was done starting from the Ohta-Kawasaki model (essentially a two-dimensional version of Gamow's liquid drop model for matter) in [GMS] . In [SS2, RoSe, PS] , W was derived as the limiting (as N → ∞) interaction energy for (scaling limits of) minimizers of Coulomb and Riesz energies at finite number N of points (with a confining potential). In [LS1] , W was shown to also govern the random point configurations obtained as limits of Coulomb and Riesz gases (i.e. typical configurations under the Gibbs measure, at inverse temperature β). For more background, in particular on the physical aspects, we refer to [S2, S1] . These derivations in fact originally naturally motivated the definition of W discussed above and showed that it is relevant, and they also reduced the corresponding initial problems to the question of minimization of W.
In dimension 2, W was shown to be minimized within the class of lattices of covolume 1 by the triangular lattice in [SS1] , respectively [PS] , by showing that this question could be reduced to the question of minimizing the Epstein zeta function, previously solved in [Cas, Ran, Enno1, Enno2, Dia, Mont] (see also [Ch, SaSt, OSP] for general dimension). In [SS1] it was conjectured, in view of the observations of triangular Abrikosov lattices of vortices in superconductors (and in line with the Cohn-Kumar conjecture) that the triangular lattice should minimize W in the 2D logarithmic case, among the class of all configurations of density 1. This conjecture is still open, but we show here that it is implied by the Cohn-Kumar conjecture. Related to that physical motivation, let us point out that the triangular Abrikosov lattice also arises in a different regime of higher magnetic fields in the Ginzburg-Landau model as well as in superfluids model, the minimization problem is then different and consists in minimizing of the fourth power of a product of Theta functions (see for instance [ABN, AS, Ni] ) which does not obviously seem to be of pair interaction type -it would be very interesting to see if the Cohn-Kumar conjecture could help for that question too.
In [SS1, RoSe, PS] (this was also detailed in [CP] ) it was shown by a (rather delicate) screening procedure that for any Λ and any max(d − 2, 0) ≤ s < d, there exists a minimizing sequence for W formed of nΛ-periodic configurations with period n → ∞, hence for every max(d − 2, 0) ≤ s < d and every lattice Λ of covolume 1, (1.10) min W = lim n→∞ min W nΛ .
One can also show with the same ideas that, up to multiplicative and additive constants
This is one of the key steps in the proof of the main result of [CP] , and an alternative short proof is provided in [LLS] in the Coulomb case. The screening procedure also allowed to prove in [RNS, PRN] a result of "equidistribution" of the points and the energy of minimizers, in the Coulomb case, which is still weaker than a periodicity result.
As a result of (1.10), in order to identify min W we can reduce to computing lim n→∞ min W nΛ 0 . This reduction is the most delicate and longest step in the non-Coulomb case, as the final result is subsequently an easy consequence of the following formula Lemma 1. Let Λ be a lattice of covolume 1, n an integer, and N = n d . The function G nΛ being as in (1.5), we have
We will see in Section 2.1 that for any x / ∈ nΛ, this integral makes sense for any 0 ≤ s < d, which gives a way of extending the definition of W nΛ to all 0 ≤ s < d. The formula (1.11) for Λ = Z d appears for instance in [RoSt] .
Formula (1.11) is the central point of the proof. It expresses the periodic Riesz kernel G nΛ as the Mellin transform of the heat kernel on the torus v∈nΛ 
Since the standard heat kernel Ψ t is a completely monotone function of the squared distance, the Cohn-Kumar conjecture applies to it and the same then holds for G nΛ by integration. This allows to identify the minimum of W nΛ 0 , and then that of W by taking the large n limit (details are in Section 2.3). ∈ Λ. This is made rigorous in [HSS, HSSS] (see also [BoHS, Chap. 10] ) via "convergence factors" (on the physics side, see [BGMWZ] and references therein). For s > d one can prove that
Yet another point of view on the question of summing Coulomb interactions is that of
dt (this is similar to the calculations made by Riemann on his zeta function) hence F s,Λ (x) − (·, x) and thus a definition for any s. The authors of [HSS, HSSS, BoHS] then use F s,Λ as the periodized Riesz interaction function of the torus R d /Λ. Starting from (1.11), decomposing the integral into the integral over (0, 1) and that over (1, ∞) and using the Poisson summation formula for the first part (see details in Section 2.2), one checks that F s,Λ is (up to constants) equal to G Λ , so the same result as below applies to i =j F s,nΛ 0 (a i − a j ). Note that a similar formula to (1.11) but relating the Epstein zeta function to the Jacobi Theta function is also well-known, see for instance [CKMRV2, p. 8] and [BoHS, Chap. 10] , and this formula can be used to retrieve (1.11).
1.3. Result. We can now provide a complete statement.
Theorem 2. If the Cohn-Kumar conjecture (for smooth functions) is true, then Λ 0 achieves the minimum of W nΛ 0 for every integer n and every 0 ≤ s < d, hence of e Jel and of W in all Coulomb cases (d ≥ 2) and all Riesz cases with max(d − 2, 0) ≤ s < d.
Of course, since the conjecture holds in dimension 8 and 24 we then have a positive answer: Corollary 3. The E 8 lattice in dimension 8, resp. Leech lattice in dimension 24, achieves the minima above.
Combined with the results of [RoSe, PS] , this shows a complete crystallization result at zero temperature for the Coulomb and Riesz gases in dimensions 8 and 24.
As mentioned above, in dimension 2 and for the Coulomb interaction, it was conjectured in [SS1] that the triangular lattice achieves the minimum of W. By analyzing the minimization of the logarithmic energy on the 2-sphere, it was then shown by Bétermin and Sandier [BS] that this conjecture is equivalent to a conjecture of Brauchart-Hardin-Saff made in [BrHS] by an analytic continuation argument. We can thus say that Corollary 4. In dimension 2, the Cohn-Kumar conjecture implies the mutually equivalent conjectures of [BrHS] , [SS1] and [Wi] .
Thus, proving the Cohn-Kumar conjecture in dimension 2 would prove the Wigner conjecture in dimension 2, complete the program of [SS1] of proving the emergence of the triangular Abrikosov lattice of vortices starting from the Ginzburg-Landau model of superconductivity, as well as complete the proof of crystallization of the two-dimensional Coulomb gas at zero temperature in [SS2] .
We have not said anything about the uniqueness of Λ 0 as a minimizer. Because of the definition (1.1), uniqueness cannot hold since any finite set perturbation of Λ 0 remains a minimizer. The same is true for W in view of its definition (A.3)-(A.4). However, when restricting to a periodic situation and minimizing W nΛ 0 for fixed n, the result of [CKMRV2] gives uniqueness of Λ 0 up to isometries.
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Proofs
2.1. Proof of Lemma 1. First, we note that
is the heat kernel of R d /(nΛ) (with average 0). By the spectral gap of the torus, it decays exponentially fast in time, hence the integral in (1.11) converges. For the usual Coulomb kernel (up to a multiplicative constant) g with s = d−2 (or g = − log in dimension 2) it is well-known that at least in dimension d ≥ 3, g(x) is the integral in time of the standard heat kernel. To get the similar formula with weight (1.11) for the fractional periodic Green function in all dimensions we can either proceed by Fourier transform and using the formula (1.2), or by spectral representation of (−∆) and using (1.2), as follows.
The operator (−∆) − d−s 2 is well-defined over the L 2 -orthogonal space to the constant functions on R d /Λ. If 0 = λ 1 < λ 2 ≤ · · · are the eigenvalues of −∆ over L 2 (R d /Λ) counted with multiplicity and ϕ k are corresponding eigenfunctions, then
The L 2 -projection onto the constant functions (i.e. onto the eigenspace corresponding to λ 1 ) is given by the constant kernel N −1 . Now using the formula λ −α k = 1 Γ(α)´∞ 0 e −tλ k t α−1 dt for α = d−s 2 and by the orthogonality of the ϕ k , we find the desired formula (1.11).
Equality between F s,Λ and G Λ .
Starting from the definition of G Λ in (1.11), we split the integral into two intervals, [0, 1] and [1, ∞). In the first interval we rewrite
In the second interval, we may use Poisson summation to rewrite
We then integrate over each interval and perform the change of variables t → 1/t to retrieve F s,Λ as in (1.14), up to multiplicative and additive constants.
2.3. Proof of Theorem 2. If a 1 , . . . , a N is a configuration of N points in R d /(nΛ), then the nΛ-periodic configuration in the whole R d formed by ∪ N i=1 {a i + nΛ} has p-energy equal to
If the Cohn-Kumar conjecture holds, then this quantity must be larger than that of Λ 0 . We deduce that, for p smooth and completely monotone in the squared distance, we have
Here we view a 0 j as the configuration of points of Λ 0 in R d /(nΛ 0 ) which is also identified informally with Λ 0 itself.
Applying (2.1) to p = Ψ t (which is completely monotone in the squared distance), and plugging into (1.11) we deduce that, for any configuration a 1 , . . . ,
In view of (1.8) and (1.10) this completes the proof.
Appendix A. Definition of W For the interested reader we recall here the full definition of W from [SS1, RoSe, PS] , with simplifications from [LS1] . Let us start with the Coulomb case which is the easiest.
Let K R denote the cube [−R/2, R/2] d and − the average. For any η ∈ (0, 1), we define (A.1) g η := min(g, g(η)), f η := g − g η .
Given a function h corresponding to a Coulomb potential generated by C − 1, that is satisfying a relation of the form The Riesz case is a little more complicated since then the Riesz kernel is not the kernel of a local operator. To handle this, we use the Caffarelli-Silvestre extension procedure [CS] : we work in the extended space R d × R or R d+1 (and identify R d with R d × {0}) with the last variable denoted y. We let δ R d denote the uniform measure on R d × {0}. Then g(x) = |x| −s is the kernel of the operator −div (|y| γ ∇·) in R d+1 for γ = s − d + 1. We still use the definition (A.1) as well as (A.2).
The Riesz renormalized energy of C is then defined by 
